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A totally anti-proximinal subset of a vector space is a non-empty proper subset which
does not have a nearest point whatever is the norm that the vector space is endowed
with. A Hausdorff locally convex topological vector space is said to have the (weak)
anti-proximinal property if every totally anti-proximinal (absolutely) convex subset is not
rare. A Ricceri’s Conjecture posed in Ricceri (2007) [5] establishes the existence of a
non-complete normed space satisfying the anti-proximinal property. In this manuscript
we approach this conjecture in the positive by proving that a Hausdorff locally convex
topological vector space has the weak anti-proximinal property if and only if it is barrelled.
As a consequence, we show the existence of non-complete normed spaces satisfying the
weak anti-proximinal property.
© 2012 Elsevier B.V. All rights reserved.
1. Introduction
In [5] Ricceri establishes the notion of total anti-proximinality and poses a conjecture on the topological structure of
such sets.
Deﬁnition 1.1. (Ricceri [5])
• Let E be a metric space. A non-empty proper subset A of E is called anti-proximinal when, for every element e ∈ E \ A,
the distance from e to A, d(e, A), is never attained at any a ∈ A.
• Let E be a vector space. A non-empty proper subset A of E is called totally anti-proximinal when A is anti-proximinal
for every norm on E .
• A Hausdorff locally convex topological vector space E is said to have the anti-proximinal property if every totally anti-
proximinal convex subset is not rare.
• A Hausdorff locally convex topological vector space E is said to have the weak anti-proximinal property if every totally
anti-proximinal absolutely convex subset is not rare.
We remind the reader that a subset of a topological space is said to be rare exactly when its closure has empty interior.
Conjecture 1.2 (Ricceri’s Conjecture). ([5]) There exists a non-complete normed space enjoying the anti-proximinal property.
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anti-proximinal property if and only if it is barrelled. Notice that this implies a positive approach to Ricceri’s Conjecture.
Indeed, it suﬃces to consider any non-complete barrelled space. An example of such space follows.
Theorem 1.3 (Positive approach to Ricceri’s Conjecture). There exists a non-complete normed space enjoying the weak anti-proximinal
property.
Proof. Let X be an inﬁnite dimensional Banach space X and consider a non-continuous linear functional f : X → K. It is
well known that ker( f ) is not closed and hence not complete either. Now X is complete, therefore it is barrelled. Since
ker( f ) is of countable co-dimension in X we deduce in virtue of Theorem 2.7 that ker( f ) is also barrelled and thus it
enjoys the weak anti-proximinal property (see Theorem 4.2). 
2. Preliminaries
In this section we will introduce the proper notation and results from other papers that we will make use of throughout
this manuscript. We will begin with the notation.
• Given a vector space X , the linear span or vector subspace generated by a subset A of X will be denoted by span(A).
• If X is now a topological space and A is a subset of X , then int(A) and cl(A) will denote the topological interior and
the topological closure of A, respectively.
• Given a normed space X , the open unit ball of X will be denoted by UX , the closed unit ball or simply the unit ball of
X will be denoted by BX , and the unit sphere of X is SX .
Once we have properly introduced the notation, it is time now to explicitly recall the statements of the results from the
papers [2–4,6] that we will use as crucial tools along this manuscript. The ﬁrst two are [2, Theorem 2.1] and [2, Lemma 2.4].
Theorem 2.1. (García-Pacheco [2]) Let X be a ﬁnite dimensional Hausdorff topological vector space. Let M be a convex subset of X
such that span(M) = X. If 0 ∈ M, then M has non-empty interior.
Lemma 2.2. (García-Pacheco [2]) Let X be a vector space. Let A be an absolutely convex subset of X . Then A is absorbing if and only if
it is a generator system of X.
From the paper [3] we will make use of [3, Lemma 2.3], [3, Lemma 2.4], and [3, Lemma 2.5]. These three lemmas, which
are stated right below, are used in the last section.
Lemma 2.3. (García-Pacheco [3]) Let X be an inﬁnite dimensional separable Banach space. Let (en, e∗n)n∈N ⊂ SX × X∗ be a Marku-
shevich basis for X. The linear operator
1 → X
(tn)n∈N →
∞∑
n=1
tnen
maps ω∗-closed, bounded subsets of 1 to sequentially ω-closed subsets of X . As a consequence, the set{ ∞∑
n=1
tnen: (tn)n∈N ∈ B1
}
is closed in X, and therefore it has empty interior in X if and only if it has empty interior in its linear span.
Lemma 2.4. (García-Pacheco [3]) Let X be an inﬁnite dimensional separable Banach space. Let (en, e∗n)n∈N ⊂ SX × X∗ be a Marku-
shevich basis for X . The following statements are equivalent:
(1) The basis (en)n∈N is a Schauder basis equivalent to the 1-basis.
(2) The operator
1 → X
(tn)n∈N →
∞∑
n=1
tnen
is an isomorphism.
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n=1
tnen: (tn)n∈N ∈ B1
}
has non-empty interior.
Lemma 2.5. (García-Pacheco [3]) Let X be an inﬁnite dimensional separable Banach space. There exists a normalized Markushevich
basis for X which is not a Schauder basis equivalent to the 1-basis.
From the paper [4] we will strongly rely on [4, Theorem 3.2], which is stated as follows.
Theorem 2.6 (Saxon and Wilanski). ([4]) Let X be an inﬁnite dimensional Banach space. The following conditions are equivalent:
(1) X admits an inﬁnite dimensional separable quotient.
(2) There exists a non-barrelled dense subspace Y of X .
Finally, from the paper [6] we will rely on [6, Main Theorem], stated right below.
Theorem 2.7. (Saxon and Levin [6]) Let X be a barrelled locally convex topological vector space. If Y is a vector subspace of X of
countable co-dimension, then Y is also barrelled.
3. Understanding (total) anti-proximinality
This section is devoted to collect all the necessary tools that we will make use of in the further sections in order to
analyze Ricceri’s Conjecture. We will begin with the following trivial, but crucial, remark.
Remark 3.1.
(1) If E is a normed space and A is an anti-proximinal subset of E , then A + e and λA are both anti-proximinal for every
e ∈ E and every λ = 0.
(2) If E is a vector space and A is a totally anti-proximinal subset of E , then A + e and λA are both totally anti-proximinal
for every e ∈ E and every λ = 0.
Our next step is to understand the intrinsic nature of totally anti-proximinal subsets in relation to vector subspaces.
Theorem 3.2. Let E be a vector space. Let A be a non-empty proper subset of E. If A is totally anti-proximinal in E, then A is a generator
system of E, that is, span(A) = E.
Proof. Denote P := span(A) and suppose P = E . Let Q be an algebraical complement for P in E , that is, P ⊕ Q = E . Let
‖ · ‖P and ‖ · ‖Q be any norms on P and Q respectively, and consider the following norm on E given by
‖p + q‖ :=
√
‖p‖2P + ‖q‖2Q
where p ∈ P and q ∈ Q . It is not diﬃcult to check that d(p + q, P ) = ‖q‖Q for all p ∈ P and q ∈ Q . Note then that if a ∈ A
and q ∈ Q , then a + q /∈ A and
‖q‖Q  d(a + q, A) d(a + q, P ) = ‖q‖Q ,
which means that A is not anti-proximinal. 
The next example shows that the previous result does not hold if we change anti-proximinal for totally anti-proximinal.
Example 3.3. Let E be a normed space. If D is any proper dense subset of E , then D is clearly anti-proximinal. As a
consequence, in any inﬁnite dimensional normed space it is possible to ﬁnd proper dense vector subspaces, which are
anti-proximinal but not generator systems.
In the next theorem we show that in every Hilbert space any anti-proximinal subset must be fundamental, that is, its
closed linear span must be the whole space.
3310 F.J. García-Pacheco / Topology and its Applications 159 (2012) 3307–3313Theorem 3.4. Let H be a Hilbert space. If A is an anti-proximinal subset of H, then A is fundamental, that is, span(A) = H.
Proof. Suppose to the contrary that span(A) = H . Take any a ∈ A and any h ∈ span(A)⊥ . Notice that h + a /∈ A and∥∥(h + a) − a∥∥= d(h + a, span(A)) d(h + a, A) ∥∥(h + a) − a∥∥,
which means that A is not anti-proximinal. 
From the previous results together with Theorem 2.1 we trivially obtain that every ﬁnite dimensional normed space
satisﬁes the anti-proximinal property.
Corollary 3.5. Every non-zero ﬁnite dimensional Hausdorff topological vector space enjoys the anti-proximinal property.
Proof. Let X be any non-zero ﬁnite dimensional Hausdorff topological vector space X and consider A to be any totally
anti-proximinal convex subset of X . In virtue of (2) in Remark 3.1 we may assume without any loss of generality that 0 ∈ A.
By Theorem 3.2 we deduce that span(A) = X . Finally, in view of Theorem 2.1 we have that int(A) = ∅. 
Our next results show that we can obtain absolutely convex anti-proximinal subsets relatively easily. We remind the
reader that given a vector space X and a non-empty subset A of X , then:
• The balanced hull of A is deﬁned as the intersection of all balanced subsets of X containing A and denoted by bl(A).
Furthermore,
bl(A) = {λa: λ ∈ BK, a ∈ A}.
• The convex hull of A is deﬁned as the intersection of all convex subsets of X containing A and denoted by co(A).
Furthermore,
co(A) =
{
n∑
i=1
tiai: ti ∈ [0,1], ai ∈ A,
n∑
i=1
ti = 1
}
.
• The absolutely convex hull of A is deﬁned as the intersection of all convex and balanced subsets of X containing A and
denoted by aco(A). Furthermore,
aco(A) =
{
n∑
i=1
tiai: ti ∈K, ai ∈ A,
n∑
i=1
|ti| 1
}
.
The reader may not forget that the convex hull of a balanced set is absolutely convex but the balanced hull of a convex set
may not be convex.
Theorem 3.6. Let X be a normed space.
(1) If A is an anti-proximinal subset of X such that 0 ∈ A, then bl(A) is also anti-proximinal.
(2) If A is an anti-proximinal subset of X , then co(A) is also anti-proximinal.
(3) If A is an anti-proximinal subset of X such that 0 ∈ A, then aco(A) is also anti-proximinal.
Proof. (1) Let x /∈ bl(A) and suppose that there exist λ ∈ BK and a ∈ A such that d(x,bl(A)) = ‖x − λa‖. We will show in
the ﬁrst place that λ = 0. Assume that λ = 0. In this case we have the following chain of inequalities:
‖x‖ = d(x,bl(A)) d(x, A) ‖x‖.
This shows that x /∈ A and that A is not anti-proximinal. Therefore λ = 0. Now, it is not diﬃcult to check that 1
λ
x /∈ A and
d( 1
λ
x, A) = ‖ 1
λ
x− a‖, which means that A is not anti-proximinal.
(2) Let x /∈ co(A) and suppose that there exist t1, . . . , tn ∈ [0,1] and a1, . . . ,an ∈ A such that t1 = 0, t1 + · · · + tn = 1 and
d
(
x, co(A)
)=
∥∥∥∥∥x−
n∑
i=1
tiai
∥∥∥∥∥.
Notice that
1
t1
(
x−
n∑
tiai
)
/∈ An=2
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d
(
1
t1
(
x−
n∑
n=2
tiai
)
, A
)
=
∥∥∥∥∥ 1t1
(
x−
n∑
n=2
tiai
)
− a1
∥∥∥∥∥,
which means that A is not anti-proximinal.
(3) It suﬃces to notice that aco(A) = co(bl(A)). 
As expected, we also have the version of the previous result for totally anti-proximinal subsets.
Remark 3.7. Let X be a vector space.
(1) If A is a totally anti-proximinal subset of X such that 0 ∈ A, then bl(A) is also totally anti-proximinal.
(2) If A is a totally anti-proximinal subset of X , then co(A) is also totally anti-proximinal.
(3) If A is a totally anti-proximinal subset of X such that 0 ∈ A, then aco(A) is also totally anti-proximinal.
4. Barrelledness and the weak anti-proximinal property
We will rely on the concept of “internal point” (see [1]). Given a vector space E and a non-empty subset A of E , we
say that a ∈ E is an internal point of A when every straight line passing through a has a small interval around a entirely
contained in A. More precisely, a ∈ E is an internal point of A when, for every x ∈ E , there exists δx > 0 such that a+λx ∈ A
for all λ ∈ [0, δx]. The set of internal points of A is denoted by inter(A). The well-known facts about internal points, which
can be consulted in [1], are the following:
• In any topological vector space if a subset A is (absolutely) convex and inter(A) = ∅, then inter(A) is also (absolutely)
convex and cl(inter(A)) = cl(A).
• Every open set of any topological vector space is composed of internal points.
• The ﬁnest locally convex vector topology on a given vector space is the one whose open sets are exactly the convex
sets composed only of internal points.
Our ﬁrst result in this section tries to characterize as much as possible the algebraic nature of totally anti-proximinal
subsets.
Theorem 4.1. Let E be a vector space. Let A be a non-empty subset of E.
(1) If A = inter(A), then A is totally anti-proximinal.
(2) Conversely, if A is totally anti-proximinal, absolutely convex and contains no half-line of E, then A = inter(A).
Proof. (1) Let ‖ ·‖ be any norm on E and consider e ∈ E \ A. Take any a ∈ A and consider the straight line passing through a.
By hypothesis there is a small interval around a entirely contained in A, that is, we can ﬁnd t ∈ (0,1) such that te +
(1− t)a ∈ A. Observe now that
‖e − a‖ > (1− t)‖e − a‖ = ∥∥e − (te + (1− t)a)∥∥ d‖·‖(e, A).
(2) Assume the existence of a ∈ A \ inter(A). Since span(A) = E (Theorem 3.2), by Lemma 2.2 we have that A is absorbing
in E , therefore the Minkowski functional of A in E deﬁnes a norm on E which we will denote by ‖ · ‖. Simply observe now
that ‖a‖ = 1 since otherwise a ∈ inter(A). Indeed, observe that
U‖·‖ = inter(A) ⊆ A ⊆ B‖·‖.
By hypothesis d‖·‖(2a, A) is never attained. However,
d‖·‖(2a, A) = d‖·‖(2a,B‖·‖) = ‖2a‖ − 1 = 1 = ‖2a − a‖,
which is a contradiction. 
We remind the reader that a subset of a topological vector space is said to be a barrel when that subset is closed,
absolutely convex, and absorbing. A topological vector space is said to be barrelled when every barrel is a neighborhood
of 0, or equivalently, it has non-empty interior. Every Banach space is barrelled in virtue of the Baire Category Theorem.
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(1) E is barrelled.
(2) E has the weak anti-proximinal property.
Proof. (2) ⇒ (1). Suppose to the contrary that E is not barrelled. By hypothesis E has a barrel M with empty interior.
Consider A := inter(M), which is an absolutely convex set since M is so. In accordance to (1) of Theorem 4.1 we deduce
that A is totally anti-proximinal. However, int(cl(A)) = int(M) = ∅.
(1) ⇒ (2). Let A be a totally anti-proximinal absolutely convex subset of E . Notice that A is a generator system of E in
virtue of Theorem 3.2. Next, A is absorbing in view of Lemma 2.2, therefore its closure is a barrel of E . By hypothesis, cl(A)
has non-empty interior. 
An immediate corollary of the previous result is the following.
Corollary 4.3. Let X be an inﬁnite dimensional Banach space admitting an inﬁnite dimensional separable quotient. Then X satisﬁes
the weak anti-proximinal property but admits a proper dense subspace not enjoying it.
Proof. In accordance to Theorem 2.6, X has a non-barrelled dense subspace Y . Now Theorem 4.2 assures that X has the
weak anti-proximinal property and that Y does not. 
5. Explicit examples of spaces without the weak anti-proximinal property
This section is devoted to explicitly construct proper dense subspaces without the weak anti-proximinal property in
inﬁnite dimensional separable Banach spaces.
Remark 5.1. Let X be an inﬁnite dimensional separable Banach space and consider a Markushevich basis (en, e∗n)n∈N ⊂
SX × X∗ for X . Every point of the absolutely convex set{ ∞∑
n=1
tnen: (tn)n∈N ∈ U1
}
is internal in{ ∞∑
n=1
tnen: (tn)n∈N ∈ 1
}
.
Indeed, it is a direct consequence of the fact that U1 is open in 1.
In order to prove the main result in this section we will apply Lemma 2.5 to deduce that every inﬁnite dimensional
separable Banach space has a Schauder basis which is not equivalent to the 1-basis. We will also rely on the following
technical lemma.
Lemma 5.2. Let X be a topological space. Let Z be a subset of X . If M is a subset of Z which is closed in X, then
intZ (M) = intcl(Z)(M).
Proof. Let x ∈ intZ (M) and consider an open set U in X such that x ∈ U ∩ Z ⊆ M . First, we will show that U ∩ cl(Z) ⊆
cl(U ∩ Z). Let y ∈ U ∩ cl(Z) and consider any open set V containing y. Since y ∈ cl(Z) and U ∩ V is an open neighborhood
of y we have that V ∩ (U ∩ Z) = (U ∩ V )∩ Z = ∅. As a consequence, y ∈ cl(U ∩ Z) and hence U ∩cl(Z) ⊆ cl(U ∩ Z). Therefore,
x ∈ U ∩ Z ⊆ U ∩cl(Z) ⊆ cl(U ∩ Z) ⊆ cl(M) = M and hence x ∈ intcl(Z)(M). Conversely, let x ∈ intcl(Z)(M) and consider an open
set U in X such that x ∈ U ∩ cl(Z) ⊆ M . Notice that x ∈ Z since M ⊆ Z . Therefore, x ∈ U ∩ Z ⊆ U ∩ cl(Z) ⊆ M and hence
x ∈ intZ (M). 
At this stage we are in the right position to state and proof the main result in this ﬁnal section.
Theorem 5.3. Let X be an inﬁnite dimensional separable Banach space and consider a Markushevich basis (en, e∗n)n∈N ⊂ SX × X∗ for
X which is not equivalent to the 1-basis. Then{ ∞∑
n=1
tnen: (tn)n∈N ∈ 1
}
is a dense subspace of X which does not satisfy the weak anti-proximinal property.
F.J. García-Pacheco / Topology and its Applications 159 (2012) 3307–3313 3313Proof. Consider the absolutely convex set
A :=
{ ∞∑
n=1
tnen: (tn)n∈N ∈ U1
}
.
Notice that every point of A is internal in the dense subspace
Y :=
{ ∞∑
n=1
tnen: (tn)n∈N ∈ 1
}
in virtue of Remark 5.1. As a consequence, A is totally anti-proximinal in Y if we bear in mind (1) of Theorem 4.1. According
to Lemma 2.3 the set
B :=
{ ∞∑
n=1
tnen: (tn)n∈N ∈ B1
}
is closed in X . This fact, with the collaboration of Lemma 5.2, brings up two consequences:
• The closure of A in X is B . Indeed, it suﬃces to realize that the closure of A in Y is B and that B is closed in X .
• The interior of B in X coincides with the interior of B in Y . Indeed, it is enough to take a look at Lemma 5.2.
On the other hand, in accordance with Lemma 2.4, the fact that (en, e∗n)n∈N is not equivalent to the 1-basis implies that B
has empty interior in X and so does B in Y . In other words, A is a totally anti-proximinal absolutely convex subset of Y
which is also rare. This implies that Y does not enjoy the weak anti-proximinal property. And it is clear that Y is a dense
subspace of X . 
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